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To solve for the equilibria, we will make use of the full-employment condition, which

in written in the symmetric equilibrium as:

L= Gkayb + GNbByb¢b + GMkab + GMbXb

Al
+ GM Xy, +Goc+chyC + N By 0. + Mk, + M Xx,. (AD
Using (5), (9), (14) and (18), this is simplified as,
L:Gka b 1+B 1’]—1 +Mbk poO + QA
[Nokyp(1:+B(n-1)+ Mokyyo + o] )

+Nckyo(1+B(n—1)) + Mckyco.

Another useful relation is the equality of GNP as total factor income and the value of final

sales,
L =GNypqpyp +Neqeye- (A3)

Using (8), (9), (12) and (14) this is written in the symmetric equilibrium as,

Syb
L = GNpky}, n{ Y j +Nekyen .- (A4)
l_Syb



We should also indicate the values for internal and external sales of inputs, xp; and
Xpi- External sales of each input variety shown in (6) can be written as
Xpi = Xppi T Xpei» Where Xy, 1s sales to other groups and X is sales to downstream

unaffiliated firms. Computing the derivative of unit-costs, the sales to other business groups

are,

j=Lj# | My, +zi:1,i¢ijini_G + o Pei
(ASa)

O (G-Dypdp (1PN,
* | My +(G-DMyph * +MpL°

where the second line applies in the symmetric equilibrium. The sales to unaffiliated firms
are,

N

~ S - YCj¢C (I_B)
Xbei = 2, Poi. - -
j=1 {Z?leipLi ° +Z?ﬁip<l:i °

(ASb)

_ pg{ yede(1-B)N }

GM,pi° +M_pL°

where the second line applies in the symmetric equilibrium. Similarly, internal sales of each

product variety are,

Xy = T Ybi®bi (1 = B)Np; ]
i~ G l-c M. = 1-c
Mo + 7 Mogph© + 250

(A6)

. Ypdp (1 —BI)N,
le +(G—1)Mypy ° + Mcpcl_GJ




where the second line applies in the symmetric equilibrium.

Derivation of equation (18) in the text:

When the business group choose product variety optimally, then,

Xp +Xp, =(0-Dky . (18)
Proof:
We need to differentiate (1) with respect to My, and set this equal to zero. Since profits in (1)
have been maximized with respect to the markup py;, it is legitimate to consider a small

change dpuy; chosen to ensure that the change in My, has no effect of the final-goods

priceqy; = 1,9y, charged by group 1. Specifically, we will choose duy,; such that:

dqy; = Ky doy; +dpydy, =0 = duy /doy; = —(1y /) -

Suppose first that there are no external sales of the intermediate inputs by group 1,

Xp; =0. Since the price qy, is constant, it follows that the demand yy,; for each final good of

group 1 is also constant, so that change in My, only affects costs. Then from (1) we have,

de d“b ad)b
L= Ny [y (s = 1)+ =2y by ]2 —
dei bl[Ybl (“’bl ) dd)bi Ybl(I)bl]aMbi xb
Oy X bi
¥ i Noi L kg =725k, (A7)

! oMy, v (c-1)

where the second equality follows by using dp,; /d¢,; = —(1; / ¢4 ) , and the final equality

follows from differentiating (2) and comparing the result to (A6). Then (18) follows by

setting (A7) equal to zero, and using symmetry.



Now suppose that there are sales of the inputs outside the group. From (2), the costs
to other groups depends on Mbip{;c, chosen by group i. Since profits in (1) are maximized

with respect to ppj, we can consider a small change in py,; designed to keep this magnitude

constant,
dMy;pp;  + (1= 6)Mp;ppdpy; = 0. (A)
We will consider the optimal choice of My; with py; adjusting as in (A8), which ensures that

the costs of the other groups and therefore their own final-goods prices are constant. With qy,;

and qp; all constant, then demand yy,; is also constant. The change in profits of group i is,

dei| :6Hbi+dl_[bi| dpbi| _
dei‘(AS) Myp;  dpy; ‘(A&dei‘(AS)

Using (1) and the same steps as in (A7) and (AS8), this is evaluated as,

dITy| Xpi - - dXyi| —| dpyi |
= -k +X~(p-—1)+ X-M~+M~(p.—1\ L 1
dei ‘(AS) (c-1) xb bi \Pbi biV1bi bi \Pbi }dpbi ‘(Ag)Jdej ‘(Ag)
Xpbi ~ Pbi =1 || XbiPbi
= —k . . —1 1_ A9

i Xpi

TR )

where the second equality follows by computing 0Xy; / Opy,; from (A5a,b) while keeping

Mbipbil_CT constant in the denominator, and by computing dpy; /dMy; from (A8). Setting

(A9) equal to zero and using symmetry, we obtain (18). QED



Lemma

Suppose that N, = 0. Then each group will sell inputs to the other groups if and only if,

G>(L), (19)

o-1

in which case the optimal prices are given by:

pp—1)_ 1 G
R ) o

Let py; and qy,; denote the prices chosen by group i, with py; and qp; the prices of the other

Proof:

groups j=1,...,G, j#1. As pyp, is increased, this will raise the costs to the other groups and
therefore increase qpj = Up;j ¢b; , holding fixed the optimal markups py; . Since profits in (1)
have been maximized with respect to the markup L, it is legitimate to consider a small
change dpy; to ensure that the change in the prices of final goods by all groups are equal.

Specifically, we will choose dpy; such that:

dqp; = dppdpi = dqp; = 1y (Op; / Opy; )APy; - (A10)

The left of this expression if the change in the price of final goods for group 1, due to a small

change in its markup, and on the right is the change in the final goods price of another group

J, due to a change in the price pp; of intermediate inputs sold by group i (but holding the

markup of group j fixed at its optimal level). By ensuring that all final goods prices change

by the same amount, this ensures that the relative outputs and market shares of all final



goods are unchanged. This will simplify the calculation of the change in group i profits due
to the combined change (dp;i, dppi) satisfying (A10).

Using symmetry of the initial equilibrium, we divide (A10) by qp; = qp,; = Hyjdy;» and
rewrite this expression as,

daw 1 _day 1Oy 1
dpyi dbi  dPui dbj  OPbi Py

(A10°)

Thus, with a rise in py; leading to equi-proportional increases in qp;, qu;j, and ¢y;, and total
consumer expenditure fixed at L, these price increases must be matched with equi-

proportional reductions in final goods output yp; and yp;. Thus,

L e (A11)

2
(A10) qbl

1 —dqy

dypi RS
a1y Ybi Db

dpy;

Notice that this implies that qp; ypi is constant under (A10), as iS Gp; Yb; -

The total change in profits for group i is,

dlly day;|

dpy;

dqy,

oll,, dll, G

. . . o dqyy; .
(A10) apbl dqbl ‘(AIO) dpbl (a10) I=LI# o) (A10) dpbl (A10)

Using (1), this is evaluated as,

dIT,
dpy,

~ OX; dyy;
= Mb{xbi +(py; _1)8 bl} + Npipi 2

Pbi Pbi (A12)

(A10) (A10)

In the first term of (A12), the elasticity — (6Xy,; /dpp; \py; / Xp; ) is computed from (A5a)
(holding ¢w; ypj constant) as [cs + Sybi (1- G)], where syp; 1s the intermediate market share of

group 1, given by:



l-o
MiPbi
G l-o
My, + Zj:l,j;tiMbjpbj +2

Sxbi = M

cnl-c |
j=1Pci
This expression appears as (21) under symmetry.

In the second term of (A12), we note that equi-proportional increases in qp; and

reduction in y; has the effect of holding qp; ypi constant in profits, and simply reducing yu; by

the amount given by the last term in (A10”). To evaluate this term, differentiate (2) to

compute,

;. _pio i (1—BIMy,;
Py My, +ZiG:1,i¢ijiP%ai_G +Z?ﬁip&“’
(A13)
| XMy
{yb(G—l)NJ ’

where the second line applies with symmetry, with X, given by (A5a). Then combining

(A11)-(A13) and using symmetry, we obtain,

=M, %X, 1{pb1J[s+sxb(o+1)]+L . (Al4)
(A10) Py (G _1)

Setting (A14) = 0, we see that there is a finite solution for py, if G > o/(c-1), and this solution

dpy;

is (20). Otherwise, expression (A14) remains positive for all positive values of py, so the

business group optimally chooses pp=to. QED



With these preliminary results, and henceforth using symmetry of the equilibrium, we
have the following characterizations of the V-group equilibria (Proposition 1) and the D-

group equilibria (Proposition 2):

Proposition 1

Assume N¢; = 0. Then the V-group equilibria can take one of two forms. Either:
(a) the business groups do not sell inputs to each other (X, =0 ), and the number of groups is

given by the unique positive solution to,

2( Aan (m—DAa B
G (T)+G|:1—Tj|—(l+A)—o, (AIS)

provided that G < o/(c-1), where A=(c—1)/[(n—1)(1-p)]; or,
(b) the business groups do sell to each other (X, > 0), while the number of groups is given

by any positive solution to,
Gz(%}(}{l—@}(ld):o, (A16)

provided that G > o/(c-1), where A =[(c / f(py))—1]/[(n—1)(1-PB)], and,

_ (pp ~ DPp° (G~ 1)
f(py)=1-(c - .
(pp)=1-(o 1){ G Do } (A17)



Proof:
(a) Since N = 0 then sy, = 1/G, so that syp/(1-sy) = 1/(G-1). Setting IT, = 0, and using
Xy, =0 with (12) and (14) we obtain,

Npkyp =(G - DMpkyp +(G - Do (A18)

Using N; =0, (A2) and (A4) are simplified as,

L= G[kayb(l +B(M—1)) + Mpkypo + a] +Mkyo, (A2’)

L:Gkayb{n+(Gl_lﬂ. (A4’)

Condition (18) becomes x}, = (o-1)ky, since Xy, =0, so that using (14) and (A6),

(11 - 1)(1 - B)kbeb
(Mb + Mcpcl_c)

(o= 1kyp = , (A19)

where p; = o/(c-1).

The above are 4 equations in 4 unknowns- G, Ny, My, and M. Setting (A2’) = (A4’)

to eliminate L, and using (A18) repeatedly to convert terms involving Ny, to involve My,

instead, we can derive the quadratic equation,

ST IR (-2 | N PO T I
-l ) |

(A20)

e (ST B
Mpkyp/ (1=B)n-1)\  Mpky,

Using (A19) we can solve for (M./My) as,
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RRCEAN R e

_|=)(1-B) |~ o
= = _(G 1)(1+Mkabj,

where the second equality follows from (A18). Substituting this into (A20), we obtain a

rather long quadratic equation for G, which has the following two solutions:

-1
. 3 _ (c-1) ( o j
(1) M;=0 and G—IJ{(I_B)(n_IJ 1+Mkab , or,

- -1
(i) M¢>0and G= (ﬁj(i) >1 +{ (c=1) }(1 P j .
kyp/No—1 (1-P)y(n-1) Mypkyp

These solutions are viable equilibria provided that X =0, so that the group finds it optimal

to not sell its inputs externally, as assumed above. From the above Lemma, we know that

Xy, =0 ifand only if G < o/(c-1). This immediately rules out the solution in (i1) whenever

kyc 18 close to kyp. The solution in (i) is viable provided that G < o/(c-1).

To simplify the expression in (i), we can substitute (A18) into (A4’) to solve for,

o :a/{ L —oc}. (A21)
Mpkyp GG -D+1)

Substituting (A21) into (i), we obtain the quadratic equation in part (a). Part (b) is proved

along with Proposition 2, below. QED
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Proposition 2

Assume N; = 0. Then in the D-group equilibrium unaffiliated upstream firms are profitable
(M, > 0), and the business groups also sell to each other (X}, > 0), while the number of

groups is given by:

G:(Eﬁj{&jc[n((}—l)pg“] (A22)

G—(pﬁ—l)/l(pb(zl)j (ixbj—ll . (A23)

Now we suppose that G > o/(c-1) so that the group sells externally. Setting Il,= 0 and using

which implies,

Proof:

(14), we obtain:

kay ~
G-1) + Xbe (pb -1)= Mbkxb + Q. (A24)

The full-employment conditions (A2’) and (A4’) continue to hold.

Condition (18) is xp, + X}, = (0 —1)kyy, , so that using (A6) and (A5a) we obtain,

_ . 1)k
Xp =(G-1)xppp ° = Xxp = (o o
b =(G—=1)xppp b [+(G-py ]

Substituting this into (A24) we obtain,

—2 2 = Mpkypf(pp) + o, (A24)

where f(py) 1s defined in (A17).
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Then setting (A2’) = (A4’) to eliminate L, and repeatedly substituting (A24’) to

replace terms involving Ny, with those involving My, we obtain the quadratic equation,

-l
2 _ |14+~ fp)
© G{l (1—5)(11ti )( o)+ Mbkxbj ]

(A25)
-1
M_ k c o
—| —=%¢ f =0.
(Mbkxbj (1 - B)(n - 1)( (pb) " Mbkxbj
When M. = 0, then G is solved as:
5~ (pp) a )
_ b
St L (425)

When M, > 0, we first rewrite the expression (o —1)kyp, = X}, + X, using (A6) and (A5a) as,

kypNp(1—B)(n~ 1)[(} 1)pp° +1]
[Mb+Mb(G Dpy ° +Mcpe ]

(G - 1)kxb -

b

where p. = 6/(c-1). It follows using (A24°) and (A17) that we can solve for M, as,

Mypkyp

Mpr® M B
[1 +(G1i 1)pg0] (o —bl) {(G l)(f(pb)

j(” 1)(1-B)-o+ f(pb)} . (A26)

Notice that when M = 0 in (A26), we again solve for G as in (A25”). When M. >0,
we substitute (A26) into (A25) to obtain a rather long quadratic equation in G. One solution
(for M. = 0) is (A25’), and the other solution (for M > 0) is given by (A23).

In order to solve completely for all endogenous variables, we can make use of (A4’)

together with (A24”) to obtain,
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o L 3
Mk, b)/{G[n(G—l)H) a}' o

Substituting (A27) into (A25’), we obtain (A16). Then there are five unknowns — py, Sxb, G,

My, and M. — and five equations to solve for them — (20), (21), (A16)-(A17) or (A23), (A26)

and (A27). QED

Propositions 1 and 2 provide us with the equations used to compute the V-group and
D-group equilibria. Finally, we turn to the case of U-groups, in which case N.> 0. We first

need to derive the prices charges by these groups for the external sale of intermediate inputs,
assume that the business group cannot discriminate in its sales to other groups or to
downstream unaffiliated firms. Then the optimal price for external sales of the intermediate

input is:

Derivation of Pricing Equation for U-groups:

With M. = 0 and N, > 0, the optimal price py, will satisfy:

(Pb —1j ] 1+ (Ge_ 1){1 +(1 ijCij(x —1)}

Pb o+(1- 0)[95Xb e E}e)}

(A28)

where 0 is the fraction of external sales X, that are sold to other groups, and,

l-o
) = [1 (G _lipb } . (A29)
Gpy,
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Proof:

Let py; and qy,; denote the prices chosen by group i, with py; and qp; the prices of the other

groups j=1,...,G, j#1. As pp; 1s increased, this will raise the costs to the other groups and
therefore increase qpj = Mp;j ¢p;j , holding fixed the optimal markups ;. Since profits in (1)
have been maximized with respect to the markup pp;, it is legitimate to consider a small
change duy; to ensure that the market shares of all other business groups are held constant.
Imposing symmetry on the prices qpj =qp of all other groups j=1,...,G, j#i, as well as on the
number of final products Ny; =N, for j=1,...,G, and the prices of downstream unaffiliated

firms q¢j =q, for j=1,...,N¢, then the market share of group j#i is written from (11) as,

Npqp "
Syo = 1 b (1)
[qubi +(G-DNpqy " +Neqe J
Totally differentiating this expression, we find that sy, is constant provided that,
dInqy; _| 1 (G -1) dingy | Syc | dIng, , (A30)
dinpy; | Sy dlnpy; sy, )dInpy,;
where,
N._ g™
Sye = cde ] (A31)

[Ny +(G - DNyay ™ + Neal ™"
is the combined market share of all downstream unaftiliated firms.
Thus, we will evaluate the total change in profits for group i1 due to a small change

dppi, assuming that the downstream prices of other groups q and unaffiliated firms q. are
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adjusted holding their markups p and . fixed at their optimal level. Further, we assume

that the markup for group 1, up;, 1s adjusted so that dqy,; satisfies (A30), i.e. the market shares
of all other business groups j=1,...,G, j#i, are constant. Because total consumer expenditure

equals L from (7”), when the market shares for the other groups sy, are fixed, then so is
expenditure on their products, so that qpyp = UPpyp are both fixed: the increase in qp, due to
the rising input price pp; will be matched by an equi-proportional reduction in y,. The same
is not true for group 1, however: the increase in qp; satisfying (A30) will be matched by an

reduction in yp; that need not be in the same proportion.

Then the total change in profits for group i is,

dITy; olly; dInqy, diny,,
T O — b 01V biNpi o + Y Npi (@b = Opi (A32)
npy;  Olnpy; dInpy; | .30, dInpyi |3,
~ Ppi —1)0InXy; dInqy; dlnyy,
=PbiXbiMbi|:1+( 1 j = | +bi YbiNbi 1 1 +¥biNpi (Qbi — O )71 1
Poi ) Olnpy, dInpy;f s, dinpy;f s,

The first terms on the right are simply the partial effect on profits of changing the input price

Pbi» Which is evaluated using its elasticity of demand. The other two terms are the effect on
profits of changing qp; according to (A30), and the induced effect of all price changes in qp;

and gp on yp;.

In order to evaluate the induced effect on y,;, we write this from (7) as:
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qu' L
—_ 1
[Npqp " +(G-DNpqy " +Nqi "]

Ybi (7)

where we have made use of symmetry: qy; =qp for all other groups j=1,...,G, j#i, Nyj =Ny, for

j=1,...,G, and q¢j =q. for j=1,...,N.. Totally differentiating (7°) and using (A30) we find that,

dinyy| _-dingy| (MSy | dng.| _ding,| (A33)
dlnpbi‘(Am) dInpy; ‘(ABO) Syb dlnpbi‘(Am) dlnpbi‘(Azo)

From the optimal pricing rule (12), and using symmetry so syp; = Syb, we have that,

n(qbi_d)bi):(h)i"'( 23 }bbi- (A34)

1- Syb
Substituting (A30) and (A33) into (A32), and making use of (A34) along with Gsyp + syc = 1,

we obtain:

drt,, - Py —1|0InX,;
bi =pbiXbiMbi|:1+( bl j bi
dpy, Pbi ) Olnpy;

dlnqy

J{ Sye J dlnqc| _dlnqb| . (A35)
(A30) l_syb dlnpbi‘(Aso) dlnpbi‘(Am)

To simplify this expression further, use (2), (5) and the constant optimal markups, along with

+ Ybid)biNb{dlnp
bi

(A5) to compute that,

ding, | :aln"’b{ R } (A36)
dlnpbi‘ Olnpy; (G-Dyudp Ny

(A30) ,
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dlnqC| — all’ld)c :|:§bcprb:| (A37)
dlnpbi‘(Ay)) alnpbl YC¢CNC

each of which can be substituted into (A35). Finally, to compute (0InXy;/0Ilnpy;) we use

(A5) to obtain:

OIXbi _ 54 (1= )05, +(1-0)/ G} (A38)
6lnpbi ’

where 0 = (Xy,; /Xy, ) is the share of a business group’s external sales of intermediate inputs
this is sold to other groups. Notice that the derivative in (A38) is computed while holding

dpyp constant in the numerator of (ASa), as discussed above. We also treat ¢.y. constant in

the numerator of (A5b) when computing this elasticity.

Substituting (A36) — (A38) into (A35), and setting the latter equal to zero, we obtain:

1+ 0 1—( bye J+(1—9)[kayb]( ye ]
(pbi_lj_ (G-1) l_syb ch}'c 1_Syb

. 1-0
Pbi c+(1—c)[esxb 4 G )}

(A39)

To simplify this further, note that (1-6)/0 is the supply from each business group to all
downstream unaffiliated firms, relative to all other business groups. This must equal the

demand from downstream unaftiliated firms relative to that from business groups, given by

(Xpe / Xpp) = A(Nckye / Npkyp ), using (A5), (9), (14) and (A29). Thus,

(1 —e) _ o MNGkye (A40)

0/  (G-DNpkyp

Substituting (A40) into (A39), we obtain (A28). QED
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In the denominator of (A28), sy, is still given by (21) but with M. = 0, and is

interpreted as the share of total demand for intermediates by a group (including internal
demand) coming from one other group. We could analogously define the share of total
demand for intermediates by a unaffiliated downstream firm supplied by one group, which is

simply (1/G). Thus, the weighted average [0sy, +(1—0)/ G] appearing in the denominator

of (A28) can be interpreted as the share of total demand for intermediates supplied by one
group, so that the entire denominator is simply the elasticity of demand for the inputs of a
group. If the numerator were unity, then (A28) would be a conventional Lerner pricing
formula. Instead the numerator exceeds unity, reflecting the fact that when a group sells an
input, it will give competing firms a cost advantage, thereby lowering profits in the final
goods market. Accordingly, the business group charges a higher price for its inputs than
would a firm that is not vertically-integrated across both markets.

With the prices given by (A28), the U-group equilibrium is characterized by:

Proposition 3 (U-Group Equilibria)

Assume M; = 0. Then in the U-group equilibrium the business groups sell inputs to
unaffiliated downstream firms (N > 0) and to each other (X}, > 0), while the number of

groups is given by any positive solution to:

AG2 S S ~ aAn[ N k N k
aAG ( o J+n +G1—( Yo ]A+°‘An( CYC || S _p, (A4l
L 1- Syb 1- Syb L kayb kayb

provided that G > o/(c-1), where A= [((c/g(pp))—1]/[(m=1(A-P)] and,
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—0
Pp [(G—1)+A(Nckye / Npkyp)]
g(pp) =1- (o -(py, — Dy —— Rt (A42)
1+py " [(G—1)+A(Nckye / Npkyp )]
Proof:
Using [T, = 0 and (12), we obtain:
S
(1 yo ]kayb + KoMy (pp — 1) = Mpkyp + 0t (A43)
-s
yb
Using Xy, = Xpp + Xpe from (AS) with M, = 0, together with xy, from (A6) and
Xp + Xp = (0 —1kyy, from (18), we can derive,
MpXp (P 1) = Mpky |1 - (pp)] »
where g(pp) is defined in (A42). Substituting this into (A43) we obtain,
Syb ,
{1 S ]kayb = Mpkpe(pp) + . (A43%)
—Syb

Setting (A2) = (A4) with M. = 0, and substituting (A43”) to replace terms involving My, with

those involving Ny, to obtain:

G:G( Syb ]_( o M(s/g(pb))—l}_(chyc) (Add)
I-syp) \Npkyp ) | (n=D(A-P) Npkyp

In order to fully determine the equilibrium, we also need to solve for (N./Np). We will make

use of the relations,

(e afals) e
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The first equality of (A45) follows from (9) and (14); the second equality from the CES
demand system; and the third equality from the pricing formulas (8) and (12). Making use of

the first and last expressions we obtain,

n 1
(d)_cj‘ L L o Kb o (A46)
oy - N1 —syp kyc

and substituting this into the last equality of (A45) we have,

1 1
(q_cj _ 1+l( Syb ] %nl)(kyb]%nl)' A4
dp n 1_Syb kyc

The shares sy, and sy of one business group and all unaffiliated firms are related by Gsyyp, +

syc = 1. It follows that (syp/syc) equals,

s N g™ N S
LI 1 :( bj1+l LI (A48)
1-Gsy, | Nyqo " N. n{l-sy

where the first equality follows from the CES demand system, and the second from (A47).

Rewriting (A48) we obtain,

(N"ky"]= (I_Sybj—((}—l) 1+l{ “yb ] . (A49)
kayb Syb n 1_Syb

o . . b (c-D/(1-B)
To simplify this further, note that A in (A29) equals ( %b) , using (2) and (5)

with M = 0. It follows from (A46) that,

(1 iysbyb] - n[?f’ (kyc /kyb)l/n B 1} (A50a)

where,
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s U=PM-D (A50b)
n(c-1)

Substituting (A50) into (A49), we obtain,

NCk C !
e R TS I L ST R T

To solve for the level of Ny, and My, we can make use of the full-employment conditions

(A2) and (A4) together with (9) and (14) to derive,

| L Syb Nekye
o (kyJ/{G[nJ{lSYbﬂJrn{kayJ}, (452

( L jl (1+ B(n = )G + (Nekye / Nokyy)) ( o j s
Gkgpo!| GN + G(syp / (1= 8yp)) + N(Nckye / Npkyp) Tk - (A59)

and,

My =

xbO

Substituting (A52) into (A44) we obtain the quadratic equation (A41). The equilibrium is
now defined by six variables — G, pp, Sxb, 0, A and (N/Ny,) — with six equations given by

(21), (A28), (A29), (A40), (A41)-(A42) and (AS51). QED
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